Fractional topological states of dipolar fermions in one-dimensional optical 
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We study properties of dipolar fermions trapped in the one-dimensional bichromatic optical lat- 
tices and show the existence of fractional topological states in the presence of strong dipole-dipole 
interactions. We find some interesting connections between fractional topological states in one- 
dimensional superlattices and the fractional quantum Hall states: (i) the one-dimensional fractional 
topological states for systems at filling factor u = 1/p have p-fold degeneracy, (ii) the total Chern 
number of p-fold degenerate states is a nonzero integer, (iii) the quasihole excitations fulfill the same 
counting rule as that of fractional quantum Hall states. Despite of similarities of these nontrivial 
topological features, the existence of crystalline order in the one-dimensional system distinguishes it 
from the fractional quantum Hall state. The possible experimental realization in cold atomic systems 
offers a new platform for the study of fractional topological phases in one- dimensional superlattice 
systems. 
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Introduction.- Fractional quantum Hall (FQH) effects 
have attracted intensive studies in the past decades as 
an important subject in condensed matter physics. The 
traditional FQH states were realized in two-dimensional 
(2D) electron gases within a strong external magnetic 
field. In addition to 2D electron gases, great efforts have 
been made to study quantum Hall effects in some other 
physical systems, for example, lattice systems without 
magnetic field and cold atomic systems. Effective Lan- 
dau levels can be realized in cold atomic systems in the 
presence of a rapidly rotating trap or a laser-induced 
geometric gauge field Due to the existence of long- 
range interaction, the dipolar Fermi gas is a good candi- 
date to realize the FQH states. The FQH effects in a 2D 
dipolar Fermi gas with either isotropic |Jj or anisotropic 
dipole-dipole interaction Q have been studied recently. 

As most of previous studies on topological nontrivial 
states focus on 2D systems [B-dl, the one-dimensional 
(ID) systems attracted less attention until very recently 
[9l4ll|. Although ID systems without any symmetry are 
generally topologically trivial, it was recently found the 
ID quasi-periodic model to be topologically nontrivial 
[^, [lo| as the periodic parameter in these quasi-periodic 
models can be considered as an additional dimension and 
thus the systems may have a nontrivial Chern number 
in an effective 2D parameter space. It has been shown 
that the ID quasi-periodic system with sub-bands being 
filled is not a trivial band insulator but a topological 
insulator with a nonzero Chern number [9^ , which can be 
viewed as a correspondence of the integer quantum Hall 
state of a 2D square lattice 12, |l3] in the reduced ID 



system. It is well known that the fractional quantum Hall 
effect emerges from the integer quantum Hall state in the 
presence of strong long-range interactions. It is natural 
to ask whether a fractional topological state is available 



for the ID quasi-periodic system when interactions are 
included? 

In this work, we explore the nontrivial topological 
properties of dipolar fermions in one-dimensional bichro- 
matic optical lattices, which can be realized in cold atom 
experiments by loading the dipolar fermions into the lat- 
tice superposed by two ID optical lattices with differ- 
ent wavelengths 14 , [l^ • The non-interacting part of our 
Hamiltonian is the recently studied ID quasi-periodic lat- 
tice model with topologically non-trivial bands [^, [loj . 
The presence of dipolar interactions breaks down the 
band description within a non-interacting picture. To 
characterize topological features of the interacting sys- 
tem, we study the low-energy spectrum and the topolog- 
ical Chern number of the dipolar system based on ex- 
act calculation of finite-size systems. The existence of 
nontrivial topological states for the strongly interacting 
system at fractional filling is demonstrated by the topo- 
logical degeneracy and nontrivial Chern number of the 
low-energy states. Particularly, recent progress in ma- 
nipulating ultracold polar molecules 16| offers the possi- 
bility of exploring exotic quantum states of Fermi gases 
with strong dipolar interactions in the topologically non- 
trivial bichromatic optical lattices. 

Model Hamiltonian.- We consider a ID Fermi gas with 
dipole-dipole interations (DDIs) in a bichromatic optical 
superlattice: 



H^-tJ2 (4c.+i + H.c.) + J2 + 



niUj 



(1) 



with 



/ii — X cos (27rQ;i + S), (2) 
where (ci) is the creation (annihilation) operator of 



2 



fermions, = c-Ci the density operator, and t the hop- 
ping strength set to be the unit of the energy {t = 1). 
Here is the quasi-periodic potential with A being the 
modulation amplitude of the on-site potential, a deter- 
mining the modulation period and 6 being an arbitrary 
phase. The last term of Eq. ((T)) is for DDIs which are 
long-range interactions decayed with with V the 

strength of DDI. For convenience, we choose a — 1/q, 
so the ID superlattice has a unit cell of q sites and the 
single-particle spectrum is composed of q bands. 

In the absence of interactions, it has been demon- 
strated that the system with its sub-bands fully filled 
by free fermions is an insulator with a nontrivial topo- 
logical Chern number in a 2D parameter space spanned 
by momentum and the phase of i5 @, for example, the 
Chern number for the state with the lowest sub-band 
filled is 1. If the sub-band is only partially filled, the sys- 
tem is a topologically trivial conductor. In this work, we 
shall study the case with the lowest band being partially 
filled by fermions subjected to the long-range interaction. 
Given that the number of fermions is N and the num- 
ber of lattice sites is L, the filling factor is defined as 
h' = N/Nceii with Nceii = L/q being the number of prim- 
itive cells. The filling factor v = \ corresponds to the 
lowest band being fully filled. In the following calcula- 
tion, we shall consider the system with a fractional filling 
factor, for example, v — l/Z and u ~ 1/5. 

Low- energy spectrum and ground state degeneracy.- In 
the presence of the long-range DDI term, we diagonalizc 
the Hamiltonian ([l} in each momentum subspace with 
k = 2Trm/NceU, where m takes 0,1, Nceii — 1. For 
finite-size systems with a given fractional filling, we study 
the change of low-energy spectrum with the increasing of 
the strength of long-range interaction V. In FiglU we 
display the low-energy spectrum in momentum sectors 
for systems with ly ~ 1/3, A = 1.5, a = 1/3, S — bir/i 
and different V. Various cases with particle numbers 
N = 2,3,4 are shown in the same figure. When V is 
small, the low-energy parts assemble together and it is 
hard to distinguish the lowest excited states apart from 
the higher excited states by an obvious gap. When V 
exceeds 50, the lowest three states tend to form a ground- 
state manifold with an obvious gap separating them from 
the higher ones. As V increases further, the gap becomes 
more obvious and the lowest three states become nearly 
degenerate at V — 500. The 3- fold degeneracy does not 
depend on the particle numbers, but is only relevant to 
the filling factor = 1/3. 

In the large V case, the lowest three states in the 
ground-state manifold always appear at some determi- 
nate positions in the momentum space. For cases of = 
2, 4 (even), the lowest states locate at K = 7r/3, tt, 57r/3, 
whereas for iV = 3 (odd), the lowest ones locate at K = 
0, 27r/3, 47r/3. We observe that one can make a connec- 
tion between the momenta in our system and the orbital 
momenta of the usual FQH on the torus. Set Na, = Nceii, 
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FIG. 1: (Color online) Low-energy spectrum in momentum 
space with filling factor u = 1/3 and different V. (a)-(f) V 
takes 0, 1, 10, 50, 300, 500, respectively. 



where N^j, is the number of the flux quanta. Similar 
to the FQH, applying a generalized Pauli principle fl7| . 
that there are no more than 2 particles in the 3 succes- 
sive orbitals for v — 1/3, consequently, there are 3 cases 
for the occupation numbers 100100 . . . 100, 010010 ... 010 
and 001001 . . . 001 and the lowest 3-fold states emerge at 
K ^ (27r){[3A(iV - l)/2 + hN]xivodN ,m} / N ^eiu where 
h — 0,1,2. We also check the low-energy spectra for 
systems with v = 1/5, A ~ 1.5, a ~ 1/3, 6 ~ 57r/4 
and different V. Similar to cases of = 1/3, both sys- 
tems with N — 2 and N = 3 show the 5-fold degen- 
erate ground-state manifold in the large V limit. The 
difference is that one needs a larger V to ensure the sys- 
tem to reach the regime of nearly degenerate ground- 
state manifold as a result of the lower filling factor. 
Similar analysis of the generalized Pauli principle can 
be applied to the case of = 1/5, for which the mo- 
menta of the 5-fold degenerate ground states emerge at 
K = (27r){[5A^(7V - l)/2 + l2N]modNceu}/Nceii, where 
I2 — 0,1,2,3,4. The appearance of p-fold degeneracy 
(p = l/iy for J/ = 1/3 and ly = 1/5) reminds us its 
similarity to the FQH system, which has p-fold degen- 
erate ground states with a finite energy gap separating 
the ground-state manifold from the excited states. 

Topological feature of ground-state manifold.- To char- 
acterize the topological feature of the many-body states 
of interacting systems, we introduce the twist boundary 
condition tp{r -\- L,S) = e*^'(/'(r, 5), where 6 is the in- 
troduced phase factor, which can be effectively viewed 
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FIG. 2: (Color online) Spectrum flux versus 6 for systems 
with u = 1/3, A = 1.5, Q = 1/3, 5 = 57r/4 and different 1/. 
(a)- (c) iV = 2, y = 1, 1/ = 50 and V" = 500, respectively. 
(e)-(f) = 3, F = 1, V" = 50 and 1/ = 500, respectively. 



as introduction of a magnetic field of 9/2tt flux quan- 
tum threading through the ring. Under the twist bound- 
ary condition, the momentum k in Brillouin zone gets a 
shift k = (27rTO -I- 9)/Nceii with m = 0, 1, ... , N^eii - 1- 
Correspondingly, the energies vary continuously with the 
change of 9. In Fig. 2, we show the low energy spectra 
as a function of boundary phase 9 (the spectrum flux) at 
a fixed S = dir/A for systems with N ~ 2 ((a)-(c)) and 
N = 3 ((d)-(f)). In the small V regime of V ^ 1, with 
the change of 9, all the lower energy levels are reciprocal 
crossing with each other. For V — 50, the lowest three 
energy fluxes are reciprocal crossing and have already 
separated from the higher excited states. For V = 500, 
the lowest reciprocal crossing states are nearly degen- 
erate, and the ground-state manifold is well separated 
from the higher excited states by a gap. Similarly, if the 
phase S varies from to 27r, the spectrum for a given 9 
changes continuously with the ground-state manifold well 
separated from the other states, which indicates the ro- 
bustness of ground state manifold in the large V regime. 

In the two-dimensional parameter space of {9,6), the 
Chern number of the many-body state is defined as an 
integral invariant C = J d9d6F{6,6), where F{9,S) = 

Ini((|f III) - (UIm))^^^ the Berry curvature 
Considering the system with V = 500 shown in Fig. If, we 
calculate the Chern numbers of the lowest three nearly 
degenerate states in the ground-state manifold. For sys- 



tem of A'' = 2, the Chern numbers of the three states 
are Ci = 0.4036, C2 = 0.1928 and C3 = 0.4036, respec- 
tively. For each state, the Chern number is not an inte- 
ger, but it is easy to check the sum of them is an integer 
C, = I. Similarly, for TV = 3, we have Ci = 0.2776, 
C2 = 0.4448 and C3 = 0.2776 with their summation be- 
ing the integer of 1. The existence of a nonzero total 
Chern number characterizes the ID dipolar superlattice 
system at fractional filling having nontrivial topological 
properties. Effectively, the total Chern number is shared 
by the q degenerate states, which is similar to the FQH 
system with its q-fol d g round states sharing an integer 
total Chern number 19]. 

Quasihole excitation spectrum.- For FQH states, the 
existence of quasihole excitations, which fulfill fractional 
statistics and carry fractional charge 2^, 21 1, is an impor- 
tant characteristic feature of the system. According to 
the general counting rule [l3, the number of quasiholes 
for the FQH system of = 1/3 reads as 

iN,,u-2N^iy. 



N, 



qh 



N,, 



N\{N,M-iN)\ ■ 

Next we study the quasihole excitations in the ID su- 
perlattice system by either adding a unit cell into or re- 
moving a particle from the system and check whether a 
similarity to the FQH system exists too. On the left part 
of Figini we show the quasihole excitation spectrums for 
the system with N = 2 and L = 21 produced by adding 
a unit cell into the system of = 1/3 with N — 2 and 
L = 18, whereas the right part of FigIS] gives the quasi- 
hole excitation spectrums for iV = 2 and L = 27 by 
removing a particle from the system of v — 1/3 with 
= 3 and L = 27. For both parts, from top to bot- 
tom V = 1, V = 50 and V = 500, respectively. In the 
quasihole excitation spectrum, there exists a clear gap 
separating the low-exciting states from the higher ones. 
In the regime of small V, the number of quasihole ex- 
citation is much larger than that given according to the 
above accounting rule of FQH systems. As V increases, 
the low-energy parts are excited into the upper part. For 
V — 500, as shown in Figl3]:, below the gap, there are al- 
together seven states with one state on each momentum 
sector. In FiglSf, the number of quasihole excitation is 
18 with two states on each momentum sector. For both 
cases with V — 500, the total number of states below 
the gap is consistent with the number obtained by the 
counting rule for the = 1/3 FQH state. 

Crystalized phase.- In the strongly interacting limit, 
the ID dipolar system tends to form crystalized phase. 
To reveal the crystalline character, we introduce the 
static structure factor S{k) defined as 

1 



S{k) 



Nr.. 



,ik(i-j) 



[«<)-«)(<)], (3) 



where nf 



qi+q—l 



is the sum of the 



particle number operators in the ith primitive cell and 
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FIG. 3; (Color online) Quasihole excitation spectrum. Left 
part is for iV = 2 and L = 21 and V = 1, V = 50 and 

V — 500 from top to bottom. Right part shows the low- 
energy spectrum for the system with N — 2, L — 27 and 

V = 1, V = 50 and V = 500 from up to down. 



1 = 0,1,... Nceii — 1. FigU] shows the the static structure 
factor of the 3-lowest eigenstates versus momentum for 
the system with N — 4, L — 36 and different V. In the 
strong repulsive limit, peaks emerge at fc = 27r/3, 47r/3 
for all the lowest three eigenstates. With the increase of 
V, the height of the peaks increase and the central parts 
of the S{k) decrease dramatically, which suggests that 
these states are crystalized with a periodic structure in 
the large V limit. 

The emergence of crystalized order of dipolar fermions 
in the bichromatic lattice implies that the ID fractional 
topological state is different from the FQH state, al- 
though they have some similar topological characters. 
Our finding is consistent with previous works on the evo- 
lution of FQH states on a torus [12, H^, which have shown 
that the FQH state on a torus is adiabatically connected 
to a crystalized phase as the 2D system is deformed to 
the ID thin-tours limit. 

Summary. - In summary, we demonstrate the existence 
of fractional topological states for dipolar fermions in 
topologically nontrivial ID superlattices, which are char- 
acterized by the ground-state degeneracy, nontrivial to- 
tal Chern number of ground states and quasihole excita- 
tions fulfilling the same counting rule as the FQH states. 
However, we also find the existence of crystalized order 
in the ID fractional topological phases, which is absent 
in the 2D FQH states but may appear in the thin-tours 
limit of the quantum Hall system. Our study provides 
a way of creating nontrivial fractional topological states 
by trapping the dipolar fermions in ID bichromatic op- 



FIG. 4: (Color online) Static structure factor S{k) of 3-lowest 
energy states versus momentum k for the system with differ- 
ent V. Here, N = 4, L = 36. 



tical lattices which are realizable in current cold atomic 
experiments. 
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